We study the high-frequency limiting shear viscosity, η ∞ , of colloidal suspensions of uncharged porous particles. An individual particle is modeled as a uniformly porous sphere with the internal solvent flow described by the Debye-Bueche-Brinkman equation. A precise hydrodynamic multipole method with a full account of many-particle hydrodynamic interactions encoded in the hydromultipole program extended to porous particles, is used to calculate η ∞ as function of porosity and concentration. The second-order virial expansion for η ∞ is derived, and its range of applicability assessed. The simulation results are used to test the validity of generalized StokesEinstein relations between η ∞ and various short-time diffusion coefficients, and to quantify the accuracy of a simplifying cell model calculation of η ∞ . An easy-to-use generalized Saitô formula for η ∞ is presented which provides a good description of its porosity and concentration dependence.
Introduction
Suspensions of solvent-permeable colloidal particles are frequently encountered in colloid science, and are therefore the subject of ongoing research. Experimentally studied examples include thermosensitive microgel particles [1] , soft giant micelles [2] , and spherical core-shell particles consisting of a dry, solid core and an outer porous layer formed by a grated polymer brush [3] . The calculation of rheological and diffusion transport properties for porous particle systems is difficult since one has to deal with many-particle hydrodynamic interactions (HIs) mediated by the solvent flow outside and inside the particles. This is the reason why most theoretical work on dense suspensions was restricted so far to non-porous particles.
In this letter, we report on a detailed simulation study of the low-shear, high-frequency limiting shear viscosity, η ∞ , of a system of uniformly porous, non-overlapping spheres, as a function of particle volume fraction φ and porosity k. Our study covers the complete fluidphase concentration regime, and the whole range of particle porosities. The virial expansion of η ∞ up to quadratic order in φ is derived for various porosities, and its range of applicability is assessed. We show that the porosity and concentration dependence of η ∞ is well described by an easy-to-use generalized Saitô formula [4] , and we point to the limited accuracy of a recent analytic cell model calculation [5] . Furthermore, we explore the validity of generalized Stokes-Einstein (GSE) relations between η ∞ and various short-time diffusion coefficients, including the translational self-diffusion coefficient D s , the sedimentation coefficient, K, and the cage diffusion coefficient D(q m ). These short-time diffusion properties have been additionally explored by us in a recent simulation study [6, 7] . It is shown in the following that the considered GSE relations are of limited use only.
Model and simulation method
We describe the creeping solvent flow outside and inside a sphere of radius a and uniform porosity k by the Stokes and Debye-Bueche-Brinkman (DBB) [8, 9] equations, respectively,
Here, v and p are the fluid velocity and the pressure fields, and κ , of the skeleton is sufficiently smaller than the particle radius a, i.e., when the dimensionless inverse penetration depth, x = κa, is sufficiently large (i.e., x ≥ 5). In the zero-penetration limit x → ∞, hard spheres with stick surface boundary conditions are described. The model of homogeneously porous spheres is fully characterized by x and the volume fraction φ = 4πa 3 n/3, dependent on the particle radius a and the particle-number concentration n.
We have calculated η ∞ to high precision using a hydrodynamic multipole method corrected for lubrication [12] [13] [14] [15] , encoded in the hydromultipole program package. The hydrodynamic structure of the particles enters into the hydromultipole code through a single-particle friction operator only, whose form is known for a variety of particle models with different internal hydrodynamic structures [12, 16] . The details of our simulation method are given elsewhere [6] . The transport coefficients discussed in this letter have been obtained from equilibrium configuration averages over typically N = 256 particles in a periodically replicated cubic simulation box, with the hydrodynamic multipole order L truncated usually at L = 3. To gain high-precision data, an extrapolation procedure to L → ∞ has been applied. A finite system size extrapolation formula to the thermodynamic limit N → ∞ by Ladd [17] was used to calculate the diffusion properties in [7] . As pointed out already by Ladd [17] , the simulated values for η ∞ are not critically dependent on finite size scaling. The remaining error in η ∞ and in the diffusion coefficients has been reduced in this way to less than 1%.
The high-frequency viscosity linearly relates the average deviatoric suspension stress in an isotropic system to the applied high-frequency oscillatory rate of strain. In the linear response regime of low shear considered here, η ∞ is determined by the equilibrium particle distribution of the unsheared system. The statistical mechanical expression for η ∞ is [18] 
where Cartesian components of a 3 × 3 × 3 × 3 dipole-dipole mobility matrix µ dd ij linearly relate the symmetric hydrodynamic force dipole moments acting on the surface of sphere i to the rate of strain applied to sphere j, and the summation with respect to α and β is included in Eq. (2). The generalized self-and distinct mobility matrices, µ dd ij , are evaluated from the multipole expansion method (see, e.g., [4, 18, 19] ). The average, ... pbc , is taken over random equilibrium configurations of N spheres in the basic simulation cell of volume V , with periodic boundary conditions.
We point out here that the high-frequency limiting viscosity η ∞ is influenced by excluded volume interactions only through the equilibrium averaging. The extensive analysis of the influence of different types of interactions, i.e. direct and hydrodynamic ones, is discussed elsewhere [20] .
The high-frequency viscosity should be distinguished from the static or zero-frequency viscosity, η = η ∞ + ∆η, which has an additional contribution, ∆η > 0, arising from the time-integrated relaxation of the shear-distorted particles microstructure. The so-called relaxation term ∆η depends both on direct and hydrodynamic interactions. It is similar to the collision viscosity contribution in an atomic fluid. For the latter, however, there is no solvent and hence no hydrodynamic interactions.
Two-body hydrodynamics
At a small volume fraction, the suspension viscosity η ∞ can be expanded in a virial series
where η 0 is the solvent viscosity. Moreover,
with the function G(x) = 1 + 3/x 2 − 3 coth(x)/x, is the intrinsic viscosity of porous spheres first derived in [9] . Eq. (4) generalizes Einstein's result for the intrinsic viscosity of nonporous spheres to porous ones. The original Einstein's result, [η] = 5/2, is reproduced here
is the ratio of the intrinsic viscosities of non-porous and porous spheres. It is sometimes used to define a porosity-dependent, effective hard-sphere diameter, a eff (x) < a, with the associated effective volume fraction [10, 11] . The Huggins coefficient, k H , is determined by twobody hydrodynamic contributions using the method described in Ref. [20] . Using our results for k H (x), we can obtain an approximate analytic expression for η ∞ , valid at larger φ, from the generalized Saitô formula [4] 
which expresses η ∞ in terms of the intrinsic viscosity [η] and a function S(x, φ). A micro-scopic expression for S has been derived in [4] . Since S is more amenable to a low-density approximation than η ∞ , we equate the first-order concentration expansions of Eqs. (5) and (3) . This leads to a useful approximation for S by
in terms of the one-body and two-body properties [η] and k H , respectively, which depend only on x. We proceed by comparing our simulation data for η ∞ with approximate spherical cell model calculation results. Quite recently, Ohshima derived an explicit analytic cell model expression for the high-frequency viscosity of uncharged porous spheres as a function of φ and x (see his Eq. (51) in [5] , with x identified as λa). Spherical cell model calculations are frequently used to this date to predict the primary electroviscous effect on the high-frequency viscosity in non-dilute suspensions of charged porous [27] and non-porous [28] , of the outer boundary radius R, and the specified outer boundary conditions. This strong simplification allows for an analytic solution for η ∞ (x, φ). The accuracy of Ohshima's expression for η ∞ is examined in Fig. 2 . It is exact to first order in φ only. At larger φ where inter-particle correlations come into play, Ohshima's expression strongly overestimates the high-frequency viscosity, and this overestimation is most pronounced at lower porosity. The comparison with our simulation data indicates that the fluid-like inter-particle correlations neglected in the cell model should play a decisive role also for charged colloidal spheres.
Generalized Stokes-Einstein relations
In recent related work [6, 7] , we have calculated the short-time diffusion properties of suspensions of homogeneously porous spheres using the hydromultipole simulation method.
All the diffusion coefficients studied in our earlier work are related to the short-time diffusion function,
measurable as a function of the scattering wavenumber q in a dynamic scattering experiment [25] . The diffusion function is equal to the ratio of the hydrodynamic function, H(q), and the equilibrium static structure factor, S(q), multiplied by the diffusion coefficient,
, of a single porous sphere [29] . The function H(q) encodes the influence of HIs on short-time diffusion. In the limit of q → ∞, H(q) is equal to the normalized short-time respectively. Specifically, we test here the validity of the following three GSE relations
with
These relations are exact at φ = 0 only. If a GSE relation were valid to decent accuracy at non-zero φ, it would be quite useful from an experimental viewpoint, since the viscosity could be determined then more easily in a scattering experiment.
In Fig. 3 , the validity of the GSE relations is examined for different values of x, with the simulation data for D s , D(q m ) and K taken from our previous study [6] . A valid GSE relation is reflected by a horizontal curve of unit distance above the concentration axis. For larger φ and all considered porosities, the GSE scaling in Eq. (8) of D(q m ) using a first cumulant analysis [34] .
The violation of the GSE relations for K and D s , and its only moderate accuracy for D(q m ), reflect the different physical mechanisms underlying sedimentation, self-diffusion and cage diffusion, for non-zero concentrations when HIs are active. In [25] , a short-time GSE analysis similar to the present one was made for non-porous, charged colloidal spheres at low-salt conditions. For charged spheres, the GSE relation for D(q m ) was found to be strongly violated. This illustrates the general observation that the (approximate) validity of a GSE relation depends strongly on the range and character of the particle interactions.
Summary and outlook
In summary, using the precise simulation method encoded in the hydromultipole program, we have studied the porosity and concentration dependence of η ∞ , a quantity routinely measured, e.g., using a torsional resonator viscometer operated at a small applied stress amplitude [30] [31] [32] [33] . The second-order virial expansion for η ∞ was derived by taking two-body HIs into account. It was used to derive a generalized and easy-to-use Saitô expression which describes the viscosity simulation data quite well. Precise values of the Huggins coefficient
, which is the only non-trivial input in the generalized Saitô expression, are given in table I for an extended, representative set of porosity values. The influence of porosity on η ∞ is found to be significant at larger concentrations, so that it can be detected experimentally.
The accuracy of various short-time generalized Stokes-Einstein relations, and of a cell model expression for η ∞ have been tested. It was shown that the cell model gives a rather poor prediction for the (high-frequency) viscosity of non-dilute systems. This is an important finding since the spherical cell model is frequently used to this day to study the primary 
